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Abstract 
Albertson, M.O. and D.M. Berman, The number of cut-vertices in a graph of given minimum 
degree, Discrete Mathematics 89 (1991) 97-100. 
A graph with n vertices and minimum degree k 2 2 can contain no more than (2k - 2)n/(kz - 
2) cut-vertices. This bound is asymptotically tight. 
A connected graph G with n vertices contains no more than n - 2 cut-vertices, 
since the leaves of a maximal subtree cannot separate G. This bound is achieved 
in the path with n vertices. If one places restrictions on G it is natural to expect 
improved upper bounds. Such bounds are known for regular graphs, graphs with 
a fixed number of edges, and for graphs of maximum degree three and given 
minimum degree [2-41. There are also bounds on the number of cut-vertices of 
given degree [2]. In this paper we establish an asymptotically best possible upper 
bound for the number of cut-vertices in a graph of minimum degree k. Clark and 
Entringer have established a somewhat stronger version of our theorem for 
graphs whose minimum degree is at least five [I]. Their bound is exact but 
requires a bulkier proof as well as a restricted domain of applicability. 
Given a graph G, let c(G) denote the number of cut-vertices in G and 6(G) 
the minimum degree of G. 
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Theorem. Suppose G is a graph with n vertices and 6(G) = k 2 2. Then 
c(G) < (2k - 2) -- 
n (k2- 2) * 
Proof. We proceed by induction on the number of vertices. We may assume that 
no cut-vertex is incident with more than two blocks. For if a cut-vertex x is 
incident with blocks B, C and D, then add any edge (u, v) where u and v are 
vertices other than x in C and D, respectively. This will not change the number of 
cut-vertices and cannot decrease the minimum degree, but it will decrease the 
number of blocks incident with x. Given that no cut-vertex is incident with more 
than two blocks, the block-graph must be a tree. We may assume that each 
terminal block, a leaf in the block-graph, must be a Kk+l. For if not, we could 
replace that block with Z&+r, decreasing the number of vertices without changing 
the number of cut-vertices and finish the proof by induction. 
Choose a block B1 that is an end-block of a longest path in the block graph: Let 
B be its unique neighbor block and x1 be the cut-vertex joining them. The proof 
is now in three cases, depending on the number of vertices in B: 
Case 1: B has at least k + 1 vertices. 
Create a new graph G’ by deleting all the vertices of B1 except for x1, and 
joining x1 to every vertex of B -x1. Now G’ has n’ = n - k vertices and 
6(G ‘) = k. By induction we assume that 
c(G’) < (2k - 2) ~ ~ 
n’ (k2- 2) * 
Since c(G) = c(G’) + 1, we obtain 
c(G) < W - 2)(n - k) + 1 < W - 2)n 
(k2- 2) (k*-2) . 
Case 2: B has r vertices where 3 s r s k. 
Since k 3 r each vertex of B must be a cut-vertex. Say the vertices of B are 
Xl, x2, . . * 9 x, associated with blocks B1, B2, . . . , B, respectively. Note that all of 
these blocks except at most one, say B,, must be end blocks by our choice of B1 
as the endblock of a longest path. Therefore each, except possibly B,, is a &+r. 
Define G’ by deleting all of the vertices of B1, B,, . . . , B,_l except for the 
cut-vertices x1, x2, . . . , x,_~. For 16 i Sj S r add all edges of the form (xi, xi) as 
well as those of the form (xi, u) where u is any neighbor of x, in G. The addition 
of these edges forces 
deg,(xJ 3 deg&) 2 k. 
Thus S(G’) 2 k. Since G’ has n’ = n - (r - 1)k vertices, the inductive hypothesis 
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gives 
c(G ,) < (2k - 2b 
(k2-2) ’ 
Since c(G) = c(G’) + r, we have 
c(G) < W - 2)b - (r - lPl+ r < (2k - 2)n 
(k* - 2) (k2 - 2) 
( since r 3 3). 
Case 3: B has 2 vertices. 
B is a bridge with B1 at one end. Let C be the block at the other end, and ci 
the associated cut-vertex. Since deg(c,) 5 k, C has at least k vertices. If it has 
more than k, we can complete the proof by deleting the entire block B, and 
mimicking the argument for Case 1. Thus we may assume C has vertices 
cl, c2, . . . 3 ck, associated with blocks B = Di, Dz, . . . , Dk. 
Since B1 is the end block of a longest chain, C can be the beginning block of at 
most one chain of more than two other blocks. Say without loss of generality the 
one long chain uses vertex ck. Further, we may assume any chain of length two 
beginning at C has as its next block a bridge. Otherwise we could use that 2-chain 
in place of B and B1 and reduce the problem to Case 2. 
We may assume that all the blocks, other than Dk, adjacent to C are bridges. 
For Suppose Di is not a bridge; since it cannot therefore begin a 2-chain, it must 
be an endblock. Now define G’ by deleting the vertices of Di other than ci and 
adding a new vertex .z adjacent to all the vertices of C. Since an endblock has 
k + 1 vertices, G’ has n - k + 1 vertices and 6(G’) 2 k. So 
c(G) = c(G’) + l< 
(2k - 2)(n - k + 1) + 1~ (2k - 2)n 
(k2 - 2) (k2 - 2) 
and the proof would be complete. 
Consequently, each vertex of C, except possibly ck, is incident with a bridge, as 
the minimum degree is k. For i <k let Bi be the block at the other end of bridge 
Di from C. Now delete all vertices of B,,B2, . . . , Bk_, and add a new vertex z 
joined to all vertices of C to get G’ with 6(G’) 3 k. We have deleted k - 1 end 
blocks each having k + 1 vertices, so the number of vertices in G’ is 
n-(k-l)(k+l)+l=n-k2+2. 
so 
c(G) = c(G’) + 2(k - 1) < 
(2k - 2)(n - k2 + 2) 
(k2 - 2) 
+ (2k - 2) = (;t21;;. 
This completes the proof. 17 
We will give a construction to show that the bound just established is best 
possible. Consider p copies of Kk: Al, AZ, . . . , A,,. For i = 1, 2, . . . , p - 1 add 
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an edge from a vertex of Ai a vertex Aj+I. AZ, . . A,_1 each has two 
of degree AI and each has vertex of k. All 
vertices have k - For each of degree - 1 a copy &+i 
and the vertex one vertex that &+i. number of of &+i 
(p - - 2) 2(k - =pk - + 2. total number vertices in graph 
is 
pk+(pk-2p+2)(k+1)=pk2+2k-2p+2. 
In graph every in each is a In addition, each copy 
&+I the joined to vertex of is a Therefore, 
c(G)=pk+pk-2p+2=2pk-2p+2. So 
c(G) (2pk - 2p + 2) p(2k-2)+2 (2k - 2) 
-=(pk2+2k-2p+2)=p(k2-2)+2k+2<(k2-2)’ n 
However as p gets large, c(G)/n gets arbitrarily close to (2k - 2)/(k2 - 2). 
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